Additional information for the paper ‘Identifying sudden cardiac death risk and
specifying its occurrence time by analyzing electrocardiograms in natural time’

Appendix 3
Interrelation between AS*"*f and ¢/u in the case of IID

If we consider @, where @ > 0,k =1,2,... N, we obtain the quantities
N
pr=Qu/ > Q1
=1

which satisfy the necessary conditions[1]: p; > 0, Zgil pr = 1 to be considered as point
probabilities. We then define[2—4] the moments of the natural time x;, = k/N as

N

(XD =D (k/N)py

k=1
and the entropy
S = (xInx) — (0 In{x),

where
N

(xInx) = (k/N)n(k/N)py.

k=1
The effect of the time reversal operator[5] on Q. is obtained by 7py = py_g11, and, similarly,

the time-reversed entropy 7 S(= S_) is obtained by the same formula as S but by using
pPN_k+1 instead of py.

The relevant expressions for evaluating S and S_, when a window of lenght i(= N) is
sliding pulse by pulse through a time series, are given in Appendix 2 deposited in the same
directory as this file.

Here, we consider the case when @) are independent and identically distributed (IID)
positive random variables. It then follows that the expectation value E(py) = E[Qr/ S, Q1]

of py equals 1/N:
1
Blpe) = 0

Equation (1) results from the fact that, since @, are IID, we have:

E[Z Qk/ZQl] = 1= NE(py).

For the purpose of our calculations, the relation between the variance of py,

Var(pi) = E[(pr. — 1/N)?],
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and the covariance of py and p,

Cov(pr, p1) = E[(pr — 1/N)(pi — 1/N)],

is of central importance. Using the constraint chv:lpk = 1, leading to py — 1/N =

> 121 (1/N — pi), and the fact that @y, are IID, we obtain

E[(px —1/N)*] =E [(Pk —1/N)Y (1/N =p)| = =(N = DE[(p — 1/N)(p. — 1/N)].

Ik
Thus, we get
Cov(pg, 1) = _\;afr(_p;i). (2)
The N-dependence of Var(py) is obtained from
1 NQx i
Var(pr) = 7B (val o 1) : (3)

where the quantity E[(NQy/ S, Q1 — 1)?] is asymptotically N-independent. The latter
arises as follows: If E(Qy) = p and Var(Qy) = 0?(< o), as a result of the central limit
theorem([6], we have E(3.1_, Qi/N) = p and Var(3r_, Qr/N) = 0%/N. The latter two
equations, for large enough N imply that

E[(NQx/ Y Qi —1)°] = E[(Qu/p — 1)*] = o* /1",

Thus, Eq.(3) becomes

0.2

Let us first study E[S — 7S] = E(S) — E(75) for which we intuitively expect that it

equals zero for positive IID ). Indeed, we have that

E(S)=E [Z % In (%) =y %pk In (Z %M)] (5)
k=1 = =1
and v v v
E(TS) =E [Z % In (%) PN—k+1 — Z %pN—k-H In (Z %pjv—zjq)] . (6)

The result of Eq.(5) depends on Var(py) and Cov(pg,p;) (see Ref.[7]), whereas that of
Eq.(6) on Var(py_gs+1) and Cov(py—_ks+1,PNn—i+1). In view of the fact that both Var(py)
and Cov(pg, p;) are independent of k and [ (see Eqgs.(2) and (4) above), we have

E(TS) = E(S)
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and moreover|[7]:

B(S) = E(TS) = Y 15 n ( N’}) R IESVE (% - Y) , (7)

k=1

where ¥ = Y k/N? = (1+1/N)/2 and x2 = >_k?/N? = (1 + 1/N)[1 + 1/(2N)]/3.
We now turn to the variance of AS = S — 7S defined by

*[AS]=E{[S-TS-E(S-TS)} =E[(S-T8S5)%,
in view of Eq.(7), which is of primary importance in ECG. We have that

o*[AS] = E[(S - T5)*] = E [{[S - E(S)] - [TS — E(TS)]}"]
= E{[S - E(S)’} + E{[TS - E(TS)]*} - 2E{[S — E(5)] [TS - E(T9)]}
= 2[0S? —~E{[S - E(9)][TS - E(TS)]}], (8)

where we used the fact that §5% = E {[S — E(S )]2} (originally defined in Ref.[8], see also
Ref.[7]) remains unchanged under time reversal for the same reasons as E(S) = E(75).
The term E{[S — E(9)][7S — E(7S)]} can be evaluated in a way similar to the one
used in Ref.[7]. Namely, we add and subtract the term >r | LprInyY from S and
the term Z]kvz1 %pN_kH Iny from 7S. We then expand the resulting logarithmic terms
In[l + >, +(p— +)/x) and In[1 + S, L(pn-iz1 — +)/X] to first order in (p — ) and
(PN—141 — %), respectively. This leads to

E{[S — E(S)] [TS ~ E(TS)]} = E{
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where e = 2.7182. .. is the base of natural logarithms. If we assume that the distribution of
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Q. is symmetric around p and keeping up to the first order in 0/u?, Eq.(9) simplifies to

B {[S — B(S)|[TS - B(TS)]} = E{ [Zl%ln (6]’\%) (pk_ %)] «

Now, using Eqs.(2) and (4), we obtain

E 1 RN 0—25 _ 0—2 (11)
Pk N PN—k+1 N TN 1N22 k,N—k'+1 (N — 1)N%2’

where 0 ,,, is Kronecker’s delta (equal to 1 if [ = m, and 0 otherwise). Substituting Eq.(11)
into Eq.(10), we finally find that

o Yk k
E{[S —E(S9)][TS —-E(TS)]} = m{;ﬁln (ew) X
N—-k+1 (N—k+1> 1
eNY N
2
k kO 1
_ lzﬁln (eNy) ~ (12)
k=1
Using now Eq.(A21) of Ref.[7] for 652, i.e.,
2 N 2 N 2
2__ @ L I e By L
5 = N1 ;(Mn eNy) N LZ:;NIH vl W
we obtain
20° ko k \°1
2 _ _ _ _
U[AS]_'UV—lﬂﬁlg;(AﬂneNY) N
N
k k \N—k+1_(N—k+1\ 1
N ;Nln<ejvy) N m( eNY )N] (14)

Equation (14) reflects that, when a window of length i(= N) is sliding through the
randomly shuffled @) of an ECG, the following relation holds

olas™ ] = 2[5, (15)
i
where
2 | <&k V1 Kk ENi—k+1. [i—k+1\1
f(Z): <—.1Hi) _._Z_.hl(i)!ln(%)_. .
71 —1 c~\i iex) 1 =i iex 7 iNY 7

P. Varotsos et al. 4 April 17, 2007



Additional information for the paper ‘Identifying sudden cardiac death risk and
specifying its occurrence time by analyzing electrocardiograms in natural time’

In the main text, the numerator in the measure N; = o[AS"*/]/o[AS;] was calculated on

the basis of Eq.(15).
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